M346 Third Midterm Exam, April 24, 2009

1. Is it fixed yet? Consider the system of nonlinear differential equations:

dx

ditl = [E1<3 - 2[[’1 - 172)
day (5 — 22, — 31)
—= = 29(5 — 221 — 319).
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a) Find all the fixed points.
(0,0), (0,3), (3,0) and (1,1)

27
b) For each fixed point, indicate how many stable modes, and how many

unstable modes, there are.
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Our derivative matrix is (3 1= 22 xq )

—3(172 5— 51’2 — 33]1

At (0,0) this is (g g) which has two positive eigenvalues, so there are

two unstable modes and no stable modes. This is a source.
4

At (0,2) this is < _35 _05> which has one positive eigenvalue, so there

is one unstable mode and one stable mode. This is a saddle.
3

At (%, 0) this is (_03 _12> which has one positive eigenvalue, so there

is one unstable mode and one stable mode. This is a saddle.
At (1,1) this is <:§ :i) which has two negative eigenvalues (-5 and
-1), so there are two stable modes and no unstable modes. This is a sink.

2. Gram crackers. In R3, with the standard inner product, consider the

1 4 16
vectorsx; = | 2 |, xo=| =1 |,x3=| 9 | that form a basis for R?.
3 4 -2

a) Use the Gram-Schmidt process to convert this basis to an orthogonal
basis {y1,¥2,y3}. (Note: the vectors y; do not have to be orthonormal, just
orthogonal.)
yi=x1 =(1,2,3)T. y, = XQ_%Yl =4, -1,4)7T. y; = x3—§y1—}—gy2 =
(11,8, -9)T.
1

b) The vector | 0 | can be expressed as c1y1 + ¢c2y2 + c3ys. Find ¢1, ¢; and

0
C3.



Using ¢; = (yi|(1,0,0)T) /{y;i|ly:) we get ¢; = 1/14, c; = 3/19, and c3 =
11/284.

3. When least is best. Find all least-squares solutions to the system of
equations

T+ 21‘2 =1
21’1 + 41’2 =1
3x1+ 615 =1
41‘1 + 81’2 =1
1 2 1
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Since A = 3 6 and b = 1| we compute A" A = (60 120>
4 8 1
and ATb = <;8> Note that AT A is singular. Solving AT Ax = ATb gives
infinitely many solutions: x = <1(/)3) +1 (_1 >, where t is arbitrary.
. . o . 24 7
4. Working 24/7. Consider the Hermitian matrix H = 7 o4 )

a) Find the eigenvalues A; and Ay and corresponding eigenvectors by and by
of H.

The trace is zero and the determinant is —(25)?, so the eigenvalues are
25 and —25, with eigenvectors (7,1)" and (1, —7)7.

b) Decompose xg = (193) as a linear combination of by and bs.

The eigenvectors are orthogonal, so the coeflicients are (by|x¢)/(b1|b1) =

% =2 and (bs|x¢)/(b2|bs) = ;7%0 = —1, so xg = 2b; — ba.
c) If dx/dt = Hx and x(0) = x¢ as in (b), what is x(¢)?

X(t) = 2625tb1 — 6_25tb2.



